We investigate collective dynamics of branched actin networks growing against a rigid movable wall constrained by a resistive force. Computing the force velocity relations, we show that the stall force of such networks depends not only on the average number of filaments touching the wall, but also on the amount of fluctuation of the leading edge of the network. These differences arise due to differences in the network architecture, namely, distance between two adjacent branching points and the initial distance of the starting filament from the wall, with their relative magnitudes influencing the nature of the force velocity curves (convex versus concave). We also show that the introduction of branching results in nonmonotonic diffusion constant, a quantity that measures the growth in length fluctuation of the leading edge of the network, as a function of externally applied force. Together our results demonstrate how the collective dynamics of a branched network differs from that of a parallel filament network.
I. INTRODUCTION
Cell motility is central to various processes including development, wound healing, and cancer invasion. The motility cycle of adherent cells (e.g., fibroblasts) on two-dimensional substrates involves protrusion at the leading edge, stabilization of protrusion through formation of focal adhesions, generation of traction forces at adhesions, and retraction of the rear edge via actomyosin-based contractile forces [1] . Efficient migration requires a tight coordination between these four distinct steps of motility. The actin cytoskeleton, which plays a key role in cell migration, forms two distinct networks that mediate the first and last steps of the migration cycle [2] . The first step of migration involves cell protrusion and is driven by the lamellipodial F-actin network, which extends 2-4 μm away from the leading edge and consists of a dendritic F-actin array that is mediated primarily by the proteins complex like Arp2/3 [3] . Within the lamellipodia, actin monomers get added onto barbed ends of a branched actin network facing the leading edge, thereby generating a pushing force on the cell membrane through a tethered Brownian ratchet mechanism [4] .
Though molecular players involved in regulating actin polymerization and depolymerization at the leading edge is fairly well understood, how the biochemistry (e.g., individual factors like Arp2/3) regulates the magnitudes of forces being exerted on the membrane and the nature of the force-velocity relationship remains contentious. In the several experimental and computational studies that have attempted to address this question, a range of different behaviours of the forcevelocity relationship have been reported. In rapidly migrating keratocytes, a complex force-velocity relationship was observed, where a concave down force-velocity relationship was observed after an initial drop in velocity [5] . To eliminate the possibility that proteins and cellular structures (like focal adhesions) not directly related to the protrusion machinery contribute to the observed force-velocity relationship in cells, * shamiks@iitb.ac.in † ranjithp@iitb.ac.in several studies have addressed this question using in vitro systems composed of actin monomers, ATP, and branching and capping proteins. Surprisingly, both convex and concave force-velocity curves have been reported in these studies as well [6, 7] .
Given the gamut of molecular players involved in regulating the structure of the actin network, and the divergent results obtained even in simplified in vitro systems, a lot of insight into actin-based protrusion has been made possible through a variety of different theoretical approaches, which attempt to mimic part of the biochemical complexity. The contribution of thermal fluctuations of actin filaments to protrusion of the leading edge was demonstrated by the Brownian ratchet model formulated by Mogilner and Oster [4, 8] . These calculations predicted a convex force-velocity relationship for a single filament. Similar convex nature of force-velocity relationship has been reported for multiple filaments growing in parallel against a shared load [9] [10] [11] [12] [13] . Intriguingly, the force-velocity relationship for an autocatalytic actin network was found to be independent of the magnitude of the load [14] . In contrast to the above studies, some of the recent studies have highlighted the existence of both convex and concave force-velocity relationships dictated by various factors. Interestingly, the pattern of orientation of actin filaments at the leading edge was found to give rise to the two different force-velocity curves, with convex dependency observed when the filaments were oriented at 0, ± 70
• with respect to the leading edge and a concave dependency observed for ±35
• [15] . In another study, Duke and coworkers demonstrated that, in addition to the actin branching machinery, excluded volume effects and focal adhesion dynamics give rise to a concave force-velocity curve [16] . The number of filaments at the leading edge was found to be another factor that modulated the nature of the force-velocity curve [17] .
Together, the above studies indicate that in addition to the actin branching machinery, several physical factors including filament orientation, excluded volume effects, and number of contacting filaments can influence the nature of the forcevelocity relationship. However, in these simulations, since multiple factors have been simultaneously varied, the influence of branching alone on the nature of force-velocity relationship We start from a single filament (n1) positioned at an initial distance of D wall from a rigid movable wall constrained by a resistive force f . The back side of the filament is attached to a fixed wall. The network is allowed to grow via force-dependent polymerization, depolymerization, and branching. Branching occurs, stochastically, at an angle of 70
• from the parent filament when it grows to a length of D br from the previous branching point. n1, n2, n3, and n4 represent the four different filaments in the network. x old and x new represent the wall positions before polymerization (old) and after polymerization (new), respectively. (b) While polymerization of a horizontal filament displaces the wall by a distance of 1 subunit (δ), an angled filament will displace the wall by a distance of δ cos θ .
is not well understood. For example, the maximum force that can be generated by a branched network has not been worked out. In addition, the role of variability in filament lengths and its consequences remain unknown. In this paper, using Monte Carlo simulations, we simulated the growth of a branched actin network growing against a wall subjected to external forces resisting the motion. Our simulations implicate three physical factors, namely, the distance between two branching points (i.e., branching distance or D br ), the initial distance of the starting filament from the rigid movable wall (i.e., initial wall distance or D wall ), and the number of contacting filaments (referred to as N t ), that play a dominant role in influencing the nature of force-velocity curves. We find that, unlike a network of independent parallel filaments, the stall force of a branched network not only depends on the average number of filaments touching the wall, but also on the amount of fluctuation of the leading edge of the network. This has interesting consequences on the nature of the force-velocity curve and the diffusion constant of the leading edge of the network. The relative magnitudes of branching distance and wall distance, and number of filaments touching the wall, directly influenced the nature of the force velocity curve (e.g., convex versus concave) and fluctuation of the leading edge of the network. We find that, when we allow large number of branches to form, the force-velocity curve transitions from a convex profile to a concave profile, for a given D br and D wall .
Intriguingly, the branching resulted in a nonmonotonic diffusion constant as a function of force. Together our results demonstrate that the collective dynamics of a branched network differs both qualitatively and quantitatively from that of a parallel filament network and illustrates the influence of branching on the growth dynamics of an actin network. This may have important implications in cell motility.
II. MODEL
In this section we discuss the setup of our simulation and how we investigate the dynamics of a growing actin network. We start from a single filament seed (nucleus) of length = 3δ, where δ is the length of a subunit [ Fig. 1(a) ]. The filament can grow, shrink, or make daughter filaments by branching based on the rules that we discuss below.
A. Filament growth and shrinkage at zero force
All filaments (i.e., root filaments and daughter filaments) in the simulation grow at the barbed end by polymerizing monomers (single subunits) with an intrinsic rate constant k 0 . In the absence of any external force, the growth rate of the barbed end of the ith filament depends on the concentration (C) of the free G-actin monomers as
The total growth rate of the network will be, of course, the sum of the growth rates of individual filaments
where n is the total number of barbed ends. Each filament can shrink by depolymerizing its subunits with a rate k off . The total rate of depolymerization for the whole system, having n barbed ends, is given by
The ratio of intrinsic rates satisfies the Boltzmann condition such that
where G 0 is the free energy gain due to binding of G-actin monomer to a barbed end. We assume that the pointed end is blocked by a substrate and is inert: no polymerization or depolymerization events take place at the pointed end.
B. Branching
Branching is incorporated in our model with a daughter filament emanating randomly, with a rate k br , from a parent filament once the parent filament has grown by a distance greater than D br from the previous branching point. The branching can also happen on the root filament following the same rule. Note that D br only sets a minimum distance between any two branching points. Once the filament has grown beyond D br , branching can happen at any time, stochastically. The physical reasons for appearance of this new length D br may be attributed to the following factors: (i) Steric hindrance due to the size of Arp2/3 molecule would prevent two Arp2/3 molecules from binding any distance closer than its size. The rough estimate for the size of Arp2/3 is ≈10-20 nm [18] .
(ii) It has been argued that Arp2/3 binds at locations where the actin filament is locally bent [19] . This can give raise to a length scale beyond which the actin filament will curve to the preferred angle for Arp2/3 binding; two close locations are unlikely to bend, owing to the bending stiffness. Consistent with experiments, the branched filament grows at an angle of 70
• (clockwise or anticlockwise, randomly) from the parent filament [20] . Further, we assume that branching happens only at the tip of any filament, since ARP2/3 is found to be activated near the membrane [3] . We restrict the system to two dimensions. We consider growth direction towards the moving wall as thex direction [see Fig. 1 (a)]; no filament is allowed to polymerize in the −x direction once it hits the back wall at x = 0. Branching rate of an individual filament i, which fulfills the minimum distance requirement of a new branch to come up is given by
The total branching rate of the network comprising of j filaments that are capable of branching is
C. Application of force
We simulate an in vitro setup where the actin-filament system is growing against a rigid but freely movable wall using the Brownian ratchet mechanism [21] [see Fig. 1 . For simplicity, we assume that the depolymerization rate is force-independent; that is, all monomers, situated at the tip of any filament, depolymerize with the same rate k off . When the wall is in contact with only one filament, and that filament depolymerizes, the wall will recede by a distance of d i = δ cos θ as seen in Fig. 1(b) , which is nothing but the distance to the next leading end. If more than one filament is in contact with the wall, depolymerization of a single filament does not cause any change in wall position. Using the same rules discussed above, whenever a filament has grown beyond a length of D br , it can branch with a rate k br . To improve our understanding, we control the maximum number of branches allowed to form (N fl ) keeping the branching rate a constant. The polymerization and depolymerization events of any new filament (formed after branching) obeys the same rules as discussed above. We do not consider the capping in this paper as our aim is to understand the effect of branching alone in the system. Typically, capping has two roles. The first is to conserve the free monomers, and the second is to prevent system from growing too large. Since our calculations are performed for a constant free monomer concentration, we do not have to worry about conserving monomers. On the other hand, the growth of the system, in our simulations, is controlled by the external force. By applying sufficiently large force, we can control the size of the system. Also note that by controlling the maximum number of branches and D br , we can indirectly mimic the effect of capping.
D. Simulation details
We simulate the system using continuous time Monte Carlo simulations [22] . In these simulations, at each time step, we calculate all possible "events." At any instant, in a network consisting of n filaments, 2n + j events may be possible comprising n polymerization events, n depolymerization events, and j branching events, where 0 j n. The probability of an occurring mth event is computed as
where k m is the rate of the mth event as described above. Based on the Gillespie algorithm, we choose the next possible event, and calculate the time at which this event happens [23] . The time is given by
where R r is a uniform random number between 0 and 1.
Starting from a single filament, we simulate the system until steady state (typically 1800 k off −1 ) applying a constant force f , for fixed values of D br and D wall . Steady state is defined as the state where the system velocity is independent of time: a state with constant growth velocity. In the simulations, after each event (at every t), we store all the necessary information needed to reconstruct the entire network: the starting point (branching point), total length, and orientation of each filament. As a result, we know the exact position of each monomer at every instant. The growth of the network was quantified by computing two measurable quantities: velocity and diffusion coefficient of the leading edge of the network. The average velocity is defined as
where x w is the position of the wall at any time t, and . . . denotes the ensemble average. The diffusion coefficient of leading edge of the network is defined as
where
The diffusion coefficient D quantifies the growth of variability one would observe during the measurement of network edge. For every given force, D br and D wall , we ran 500 simulations and produced 500 time courses for the growth of the actin network. The results we report below are averaged over these 500 simulations. The parameters used in the simulations are given in Table I . Throughout the paper, all lengths are expressed in units of monomer length δ, time is expressed in units of 1/k off , and all forces are expressed in units f 0 = (k B T /δ).
III. RESULTS

A. Varying the branching distance
In this section we examine how the branching distance (D br ) influences the actin growth dynamics. The number of filaments allowed to form, N fl , here is taken as 20. Table I . The results are shown in Fig. 2(a) . Let us first focus on the case D br = 100δ D wall . This would imply branching would happen only when the filament is 100 monomers long. When the externally applied force is very large, the first filament will not grow up to 100 monomers, and hence the system will never branch. Therefore, we find that the maximum force (stall force) generated in this case (curve D br = 100δ) is exactly the same as the force for a single filament with no branching, f s 1 ≈ 1.86f 0 (curve N fl = 1). However, for small forces, forces below the stall force, the system will grow and can branch, thereby altering the nature of the force-velocity relationship; compare curve D br = 100δ with curve N fl = 1 (N fl = 1 is the force-velocity relation for a single filament without any branching).
One would naively expect that whenever D br > D wall , and one applies a force f f s 1 , the system will never grow. This is due to the fact that for filament length <D br , only a single filament exists. However, we see that this expectation is violated; for example, when D br = 15δ and D wall = 10δ, the resulting stall force f s is approximately 3.29f 0 (curve D br = 15δ), which is much larger than f , and the branching rate is set to zero for this case study. As seen in Fig. 2(b) , even at f = 1.97f 0 ≈f s 1 (red curve, solid line), the wall position fluctuates significantly. This means that, even at f ≈ f s 1 , once in a while, the wall position can become larger than the branching distance (x w > D br ). At this point, if the branching event is present, a new branch can form and increase the number of filaments in the system. Due to this fluctuation-mediated growth, the system will stall only when the fluctuation of the wall is completely suppressed such that x w < D br at all times. From Fig. 2(b) , it can be seen that when f = 3.29f 0 , the wall position never crosses D br = 15δ [green curve, solid line with open circle Fig. 2(b) ], and therefore, there will be no branching, and the single filament cannot grow against such a high force [D br = 15δ, Fig. 2(a) ]. The D br = 12δ curve in Fig. 2(a) behaves in a similar fashion; the only difference is that, since D br − D wall = 2δ is very small, even a small fluctuation can lead to branching, requiring a much higher stall force (≈5.27f 0 ). Now let us consider the case D br = D wall = 10δ [D br = 10δ curve in Fig. 2(a) ]. Since x w D br , given sufficient time, a branch will always form. This means that the resisting force will have to oppose two filaments: one filament perpendicular to the wall, and another one at an angle 70
• . The stall force of such a two-filament system is f Appendix and Fig. 8(b) ]. Therefore, when f < f s 2 , we expect a positive velocity. When f > f s 2 , the system is expected to stall; however, as we discussed above, if the wall fluctuates beyond a certain distance, new branches can form, and the stall force can be different. This is what is happening for force just above 7.24f 0 . Note that, since we have a filament at 70 ) is a function of D br . In addition to highlighting the direct influence of fluctuations on force-velocity relationships, these results demonstrate that branching can significantly alter the stall force of an actin network, and the complex nature of the force-velocity curves.
To check the robustness of the new phenomena of fluctuation-mediated growth and fluctuation-dependent stall force, we computed the force-velocity results with two other initial configurations of the network. First, instead of starting with one horizontal filament (i.e., perpendicular to the wall), we started with a filament that is oriented at an angle (=20
• ) tilted away from the horizontal. The resulting force-velocity relation is shown in Fig. 2(c) . For different D br values, one can see that the behavior is qualitatively similar to that of Fig. 2(a) . Note that the stall force of a single filament at an angle of −20 degrees is just above 1.86f 0 [using Eq. (A2) in the Appendix]. When D br = 15δ (D wall = 10δ), the system grows even at the stall force of a single filament; as discussed earlier, the growth happens because the wall fluctuations will allow branching to take place leading to higher stall force. Like the earlier case, here too, the system will stall only when the fluctuation of the wall is completely suppressed by the external force.
Next, the force-velocity relation was calculated for a system of two root filaments growing horizontally (i.e., perpendicular to the wall); see Fig. 2(d) . As before, the qualitative nature is no different from Fig. 2(a) with the stall force of two horizontal filaments with D br = 100δ being just below 3.94f 0 . In this case too, when D br is just above D wall , the system grows at 3.94f 0 (here too D wall = 10δ). At D br = 15δ, one needs to apply 5.27f 0 to stall the two-filament system; this is because, only at 5.27f 0 , the system will have small enough length fluctuations to not allow branching. 
Number of filaments near the wall
Differences in the nature of the force-velocity curves discussed above are directly influenced by the number of filaments touching the wall. To obtain quantitative insight, we computed the number of filaments that are in "contact" with the wall (N t ), for different D br values, keeping all the other simulation parameters fixed (see Table I ). According to our definition, each filament is in "contact" with the wall, when the tip of the filament is 1 monomer distance away from the wall, along the negative x direction (see Fig. 1 ).
First, let us consider the case of D br = 100δ in Fig. 3 . At f = 0, only one filament is touching the wall as other filaments, formed via branching, lag far behind and cannot catch up with the leading filament. For forces f f s 1 , again, only one filament would touch the wall, as branching never occurs (i.e., filament length <D br ). In the in-between regime (finite force below stall), the branched filaments catch up with the leading filament, and there is more than one filament near the wall, thereby giving rise to a nonmonotonic curve as shown in Fig. 3 . As D br decreases, an increasing number of filaments come in contact with the wall, thereby increasing the stall force of the system. This in turn dictates the point at which the nonmonotonic curve for N t drops to 1. For D br D wall (i.e., D br = 7δ,9δ,10δ), N t remains unchanged (with respect to D br ) up to a force of 7.24f 0 , beyond which fluctuation effects take over, thereby leading to separate curves.
Fluctuation of the leading edge grows nonmonotonically with increasing force
Diffusion coefficient is a measure of the growth of fluctuation of the leading edge of the network resulting from growth dynamics. How branching affects the diffusion coefficient is an interesting open question. It is known that, in a simple picture, when the filament number is fixed and when all the filaments are in parallel to each other, the diffusion coefficient is a monotonically decreasing function of force [24] . In Fig. 4(a) we present diffusion coefficient as a function of force taking filament branching into account. It is interesting to note that all the curves are nonmonotonic, implying that branching introduces new physics into the problem.
Let us first examine the D(f ) plot in Fig. 4(a) , focusing on the curve for D br = 100δ. For f = 0 and f f 1 s , as discussed above (Fig. 3) , there is only one filament near the wall, thereby leading to a diffusion coefficient the same as that obtained for a single filament [compare curve D br = 100δ with curve N fl = 1 in Fig. 4(a) ]. For small nonzero forces, certainly, there are more than one filaments on an average. Therefore this change in number of filaments that are in contact with the wall is one factor that determines the D(f ) profile. Even for a fixed number of branches, the branched filaments can have various orientations giving rise to multiple "states" of the branched network, with each state resulting in different growth speed, and hence highly diverse wall positions [see Fig. 4(b) where some of the possible orientations are plotted for three filaments touching the wall (N t = 3) ]. For other values of D br the D(f ) curve gets complex with multiple peaks.
To understand the D(f ) profile of such a complex network, we formulated a simple theory that takes into account one crucial feature of such branched networks. Weichsel and Schwarz, in Ref. [15] , argue that various physical properties of a branched network are crucially influenced by two competing orientation patterns. Based on this, in a coarse-grained picture, we assume that the network growth dynamics is influenced by two orientation patterns leading to two "states" [see Fig. 5(a) ]: a state dominated by horizontal or straight filaments (we call it the state "s" of the network) and a state dominated by filaments touching the wall at an angle (we call it the state "a" of the network). We assume that the network, through polymerization, depolymerization, or branching dynamics, essentially switches between these two states and grows in any of these two states. Let v s and v a be the velocities of growth in the s and a states, respectively. Let f sa and f as be the frequencies with which the network will switch from s state to a state and a to s, respectively. Knowing these four parameters, one can write master equations [25] for the evolution of the probability to find the network tip (wall) at location x at any given time t in states
These equations can be solved using standard mathematical techniques [25] [26] [27] to obtain the diffusion coefficient as
If we assume that velocities are exponentially decaying with force [i.e, v s = v 0 s exp (−f/f 0 ) and v a = v 0 a exp (−f cos θ/f 0 )] we get a nonmonotonic diffusion coefficient with one peak as shown in Fig. 5(b) . Interestingly, if we assume a functional form for v a that is close to concave in shape, we get diffusion coefficient with two peaks [see Fig. 5(c) ]. This simple theory tells us that, unlike the case of parallel filaments, competing orientations patterns and the growth property of each of those patterns, in a branched 
B. Varying the number of filaments
In this section, keeping D br and D wall constant at 10δ, we examined how the total number of allowed branches (N fl ) would affect various measurable quantities discussed above: force-velocity relation, number of filaments in contact with the wall, and the diffusion constant (see Fig. 6 ). Interestingly, these quantities were sensitive to N fl to varying extents. While the shape of the force-velocity curve remained similar (i.e., convex up) for small N fl (10 to 40), the shape of the curves transitioned to a more concave down shape for higher values of N fl , with a pronounced concave down shape observed for N fl > 100 [see Fig. 6(a) ]. As before, fluctuation-dominated effects were observed for forces greater than 7.24f 0 . While the number of filaments touching the wall increased with increasing N fl , the shape of the curves remained the same with peaks observed around 7.24f 0 [see Fig. 6(b) ]. While the diffusion constant exhibited two peaks as observed before [see Fig. 6(c) ], two interesting phenomena were observed. First, while the position of the second peak remained unchanged, the position of the first peak kept shifting to higher forces with increasing N fl . Moreover, the relative prominence of the two peaks changed with the first peak being more dominant for lower N fl and the second peak gaining prominence with increasing N fl .
C. Comparison branched network with a parallel bundle
To understand the importance of different types of network architecture, it is essential to compare the force velocity relation of a branched actin network with that of a parallel bundle of actin filaments. In Fig. 6(d) , we have presented forcevelocity relationship for a parallel bundle (similar to Ref. 
IV. CONCLUSION
Through this paper we demonstrated the nontrivial effects of branching on force-velocity relationship and filament length fluctuations (see Fig. 7 ). We showed that the stall force of branched actin networks, growing against a rigid movable wall constrained by a resistive force, depends on two factors: average number of filaments touching the wall, and the amount of fluctuation of the leading edge of the network. The relative magnitudes of branching distance and wall distance, and number of filaments touching the wall directly, influenced the nature of the force velocity curve (e.g., convex versus concave) and fluctuation of the leading edge of the network. In summary our results show that the dynamics of a branched network deviates considerably from that of parallel, independently growing filaments. Given that we understand the role that branching plays, it will be interesting to examine how filament cross linking and geometry of the wall would alter these results. Here we have juxtaposed an image (see Fig. 7 ) to summarize our observations. However, our simulations do have various limitations. Some of the limitations are as follows: (i) we have not explicitly considered bending of filaments. However, since we apply external force, the system grows slowly. Therefore, for large forces, the average length in steady state will not be very large. Additionally small values of D br (small compared to persistence length) automatically ensure that filaments are small in length and the force is borne by the whole network of filaments. Therefore the likelihood of bending is possibly small. (ii) Excluded volume effect has not been incorporated in our model. Future work will be focused on addressing these limitations and extending the framework to incorporate effects of membrane curvature on force-velocity relationships.
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APPENDIX: FORCE-VELOCITY RELATIONS AND STALL FORCES OF FILAMENTS GROWING IN PARALLEL
For a single filament growing horizontally (perpendicular to the wall), against a constant force, the velocity can be • with the perpendicular filament. Schematic of Fig. 8 (b) would be similar to Fig. 1(b) . Note that the stall force for this case ≈7.31f 0 .
calculated analytically as
This relation is plotted in Fig. 8(a) . From this, the corresponding stall force (the force at which the velocity is zero) is given by
where d is the distance by which the wall moves, which is the size of the subunit (δ) when the filament is perpendicular to the wall (θ = 0). Substituting appropriate numbers from Table I , we find that f s 1 ≈ 1.86f 0 ; this is also obtained from our simulations. Now consider a single filament growing against a rigid wall at an angle θ . As we add a new monomer, the wall will move only by a distance d = δ cos θ . This means that the stall force of a single filament is going to increase, within the model. Similarly, also in the two-filament case, the stall force will increase when a filament is at an angle.
For two filaments in parallel (both perpendicular to the wall), the stall force has been shown to be twice of the single filament, and this can be calculated analytically [11, 27] . However, when you have a horizontal filament and a branched filament at an angle 70
• , the resulting force velocity and and stall force are not known. In Fig. 8(b) we present the force-velocity relation for the same. Given that a single filament at an angle has a higher stall force than a horizontal single filament, it is expected that two-filament system with one at an angle will have a higher stall force.
